Abstract. Motivated by the quasi-local mass problem in general relativity, we study the rigidity of isometric immersions with the same mean curvature into a warped product space. As a corollary of our main result, two star-shaped hypersurfaces in a spatial Schwarzschild or AdS-Schwarzschild manifold with nonzero mass differ only by a rotation if they are isometric and have the same mean curvature. We also prove similar results if the mean curvature condition is replaced by an σ 2 -curvature condition.
Introduction and statement of the results
In the quasi-local mass problem in general relativity, a basic pair of geometric data (g, H) associated to a 2-sphere Σ, bounding some spacelike hypersurface Ω in a spacetime, consists of a Riemannian metric g and a function H. Here g denotes the induced metric on Σ from Ω and H is the mean curvature of Σ in Ω. For instance, the Brown-York quasi-local mass [6, 7] is given by m BY (Σ) = 1 8π
where the metric g is assumed to have positive Gauss curvature and H 0 is the mean curvature of the unique, isometric embedding of (Σ, g) into the 3-dimensional Euclidean space R 3 . Existence and uniqueness of the isometric embedding of (Σ, g) into R 3 , used in defining m BY (Σ), was guaranteed by Nirenberg's solution to the Weyl embedding problem (cf. [29, 32, 33, 39] ). When the target space R 3 is replaced by the Minkowski spacetime R 3,1 , existence of isometric embeddings of (Σ, g) into R 3,1 was given by Wang and Yau [40, 41] in association with the definition of Wang-Yau quasi-local mass. If the target space is a general Riemannian 3-manifold N, estimates concerning the existence of isometric embeddings into N have been studied extensively in the literature. We refer readers to the work in [9, 19, 24, 25, 30, 34, 35] and the references therein.
In contrast to the embedding into R 3 , counterexamples were constructed in [24] to illustrate the lack of rigidity for convex surfaces if the target Riemannian manifold is not a space form. Such non-uniqueness, however, does not diminish the role played by isometric embeddings in the study of relativistic problems. In [26] , isometric embeddings of (Σ, g) into a spatial were used in deriving a localized Riemannian Penrose inequality [4, 22] that has a form of
Here H m is the mean curvature of an embedding of (Σ, g) in (N m , ds 2 m ), f is the static potential on (N m , ds
2 ) given by f = 1 − 2m r 1 2 , and A represents the area of the horizon of black hole enclosed by (Σ, g) in a physical manifold Ω.
The Schwarzschild manifold (N m , ds 2 m ) is an example of a static space (N, ds 2 ), which by definition is a Riemannian 3-manifold on which there exists a function f > 0, referred as a static potential, such that the corresponding static spacetime
is Einstein. In [10] , isometric embeddings of (Σ, g) into such a static Einstein spacetime (N,ḡ) were used as references in defining an analogue of the Wang-Yau mass. When the image of such an embedding lies in a constant t-slice of (N,ḡ), i.e. in (N, ds 2 ), the associated quasi-local energy in [10] becomes the integral
where H s is the mean curvature of the embedding of (Σ, g) in (N, ds 2 ). Motivated by the non-uniqueness example of isometric embeddings in [24] and by the results in [10, 26] that make use of embeddings into static spaces, we ask the following question:
2 ), if two surfaces Σ 1 and Σ 2 are isometric and have the same mean curvature (under the surface isometry), do Σ 1 and Σ 2 differ only by a rigid motion of the ambient space?
We recall that the static condition on (N, ds 2 ) can be formulated equivalently (cf. [16] ) in Riemannian terms by
where∆,∇ 2 denote the Laplacian, the Hessian ofg = ds 2 , respectively, and Ric(g) is the Ricci curvature ofg.
In this paper, we study Question 1.1 by considering embeddings of an n-sphere S n , n ≥ 2, into an (n + 1)-dimensional warped product space
where I ⊂ R + is an interval, f is a positive function on I, and dσ denotes the standard metric of constant sectional curvature 1 on S n . In this case, a conformal Killing vector filed on (N, ds 2 ) is X = rf ∂ ∂r
.
We define new radial coordinates ρ and u on I by
where " · " denotes the metric ds 2 . We also define
Direct calculation shows that (N, ds
2 ) is static with f satisfying (1.1) if and only if
Here f u , f ρ , f uu , f ρρ denote the first, second derivatives of f with respect to u, ρ, respectively.
Given an immersion ι : S n → (N, ds 2 ), let ν be a chosen unit vector field normal to the hypersurface M = ι(S n ), the support function of M is defined by
With these notations, we can state the main result of this paper.
with either Φ ≥ 0 or Φ ≤ 0. Let g be a Riemannian metric on S n . Suppose ι andι are two isometric immersions of (S n , g) into (N, ds 2 ) such that H =H, where H,H are the mean curvatures of the immersed surfaces M = ι(S n ),M =ι(S n ), respectively. If M andM have positive support functions, then
where h ij ,h ij are the second fundamental forms of M,M , respectively.
Moreover, if Φ is strictly positive or negative, then M andM only differ by a rotation in (N, ds 2 ).
Remark 1.1. The assumption that Φ is positive or negative agrees with the assumption (H4) or (H4') in Brendle's work on CMC surfaces in warped product spaces [5] . On the other hand, the assumption (1.7) appears to be opposite to the assumption (H3) or (H3') in [5] .
Remark 1.2. When equality in (1.7) holds, i.e. when (N, ds 2 ) is static, it is known that f (r) is explicitly given by
for some constants m and κ. In this case, (N, ds 2 ) includes the spatial Schwarzschild and AdS-Schwarzschild manifolds and Φ = (n + 1)mr −n−3 .
As a direct corollary of Theorem 1. [4, 22, 42] ). If the ambient manifold (N, ds 2 ) in Question 1.1 is asymptotically flat and static, we suspect its answer is positive under suitable conditions on the surface. This is tied to the uniqueness aspect of the static metric extension conjecture formulated for the Bartnik quasi-local mass [2] .
When the target space is a space form, we note that the study of isometrically immersed surfaces with the same mean curvature has a longstanding history. A surface S is called locally H-deformable if any point x ∈ S has a neighborhood U that admits a nontrivial 1-parameter family of isometric deformations which preserve the mean curvature. Results on locally H-deformable surfaces can be found in [8, 12, 13, 23, 27, 36, 37, 38, 43] and references therein. Regarding global rigidity, Lawson and Tribuzy [28] proved that, for any compact oriented surface Σ equipped with a Riemannian metric g and given a non-constant function H on Σ, there exist at most two geometrically distinct isometric immersions of (Σ, g) into a space form, with the mean curvature function H.
The uniqueness of surfaces with prescribed extrinsic curvature alone is also a classic problem in differential geometry. For instance, the rigidity of constant mean curvature hypersurfaces is an example of the prescribed mean curvature problem. A theorem due to Alexandrov [1] asserts that any closed, embedded hypersurface in R n with constant mean curvature is a round sphere. Montiel [31] proved a uniqueness theorem for starshaped hypersurfaces of constant mean curvature in certain rotationally symmetric manifolds. In [5] , Brendle obtained a generalization of Alexandrov's theorem for a class of warped product manifolds. In general, if one poses some function on the exterior unit normal vector field of a convex hypersurface in the Euclidean space, the uniqueness is still open except for the 2-dimensional case (cf. [20] ).
Prompted by Theorem 1.1, we also consider the rigidity question for isometrically immersed hypersurfaces with the same σ 2 -curvature (see definition (5.1)). We have the following result.
2 + r 2 dσ be a warped product space with ΦΦ u > 0. Let g be a Riemannian metric on S n . Suppose (S n , g) can be isometrically immersed into (N, ds 2 ) as two hypersurfaces M andM . If M andM have the same σ 2 -curvature, then they differ only by a rotation in (N, ds 2 ).
The remainder of this paper is organized as follows. In Section 2, we collect some basic formulae on immersed hypersurfaces in a warped product space. In Section 3, we prove the infinitesimal rigidity of isometric surfaces with the same mean curvature via integral identities. The method is then revised in Section 4 to derive the global rigidity, hence proving Theorem 1.1. In Section 5, we consider the analogue of Theorem 1.1 with the mean curvature condition replaced by the σ 2 -curvature condition and prove Theorem 1.2. As an additional application of the method used in Sections 3 and 4, we also give another proof of the infinitesimal rigidity and global rigidity of convex surfaces in space forms (see Theorem 5.3).
We recently have learned that Po-Ning Chen and Xiangwen Zhang [11] proved a rigidity result for surfaces in 3-dimensional spatial Schwarzschild manifold which is similar but different to that in Corollary 1.1. We want to thank the authors for the communication on their paper.
Preliminaries on hypersurfaces in a warped product space
Let Σ = S n and let g be a Riemannian metric on Σ. Suppose ι : (Σ, g) → (N, ds 2 ) is an isometric immersion, where (N, ds 2 ) is given in (1.2). Let M = ι(Σ) and let D denote the Levi-Civita connection on (N, ds 2 ). Let ρ, u, Φ, ν and ϕ be given in (1.3) -(1.6).
Suppose {e 1 , e 2 , · · · , e n } is a local frame on (Σ, g), which can be viewed as a frame on M via ι. Let h ij denote the second fundamental form of M, defined by
The following formulae can be easily checked (cf. [18, 24] ):
Here a function with a lower index i denotes its derivative along e i and " , " denotes the covariant differentiation on M or equivalently on (Σ, g).
Given vector fields Y , Z, W on N, let the curvature tensor on (N, ds 2 ) be given bỹ
Direct calculation (see (2.7) in [24] ) shows
Let R be the scalar curvature of (Σ, g). By the Gauss equations, we have
Here
are the principal curvature of M. The Codazzi equations are given by
HereRic = Ric(g) denotes the Ricci curvature of (N, ds 2 ). The following formula can be checked:
(For instance, (2.8) follows from (2.3) in [24] .) Thus, (2.7) becomes
The geometric meaning of Φ is as follows:
where E 1 = f ∂ r is the unit normal to S r = {r} × S n and V denotes any unit vector tangent to S r . In relation to equation (1.1), we also note
By (1.4), Φ can be rewritten as
From this, it is easily seen
Infinitesimal rigidity for surfaces with fixed mean curvature
In this section, we prove the infinitesimal rigidity for isometric surfaces with the same mean curvature. Suppose {ι t } is a 1-parameter family of isometric immersions of (Σ, g) in (N, ds 2 ) which have the same mean curvature function H. Let M t = ι t (Σ) and M = M 0 . Let an upper dot denote derivative with respect to t at t = 0. Then
The infinitesimal rigidity means that we want to showḣ ij = 0. Let {e i } 1≤i≤n be a local orthonormal frame on (Σ, g). By (2.1) and (2.2), we have
The linearization of (2.5) and (2.9) implies
where we have usedḢ = 0.
Let w be an auxiliary function defining on I, which will be determined later. Viewing w as a function on N and pulling it back to Σ, we have by (3.3), (3.6)ḣ ij ϕw = −u i,j w + f uu wδ ij − h ij wφ.
Integrating on (Σ, g) and usingḢ = 0, we have
Applying (3.4) and (3.5), we then have
To proceed, we note that Moreover, the linearization of (2.3) gives
Thus, we have
Using (2.2) and (3.3), we havė ϕ∆u − ϕ∆u =φ(nf − Hϕ) − ϕ(nf uu − Hφ) = n(fφ − ϕf uu ), whereḢ = 0 has been used. Thus (3.12) becomes
Combing (3.7) with (3.13), we obtain
Applying (3.2) and (2.1) to replace the terms ∇u · ∇u and |∇u| 2 in (3.14), we have
where (2.12) has been used in the second equality. Thus, we obtain
If (N, ds 2 ) is static with f satisfying (1.1), we can choose w = f . In view of (1.5) and (3.16), we then concludeḣ ij = 0 provided the support function ϕ is positive.
Next suppose condition (1.7) holds. Let (r 0 , r 1 ) ⊂ I be an interval so that the coordinate r varies between r 0 and r 1 on the surface M. We first consider the case Φ ≥ 0. In this case, let w be a solution to the linear second order ordinary differential equation
with the initial conditions w(r 0 ) > 0, w u (r 0 ) > 0 and
(Note that such a w always exists.) Then we have
where
by (1.7). We claim that w/f is always positive when r ranges in [r 0 , r 1 ]. To see this, suppose r * ∈ (r 0 , r 1 ] is the first zero of w/f from r 0 . As w u (r 0 ) > 0, max r∈[r 0 ,r * ] w/f must occur in (r 0 , r * ), which contradicts the strong maximum principle. Therefore, w > 0 for r ∈ (r 0 , r 1 ). Consequently,
by (1.7). Hence, by (3.18), w u f − wf u ≥ 0. This allows us to concludeḣ ij = 0 from (3.16) under the assumption ϕ > 0. If Φ > 0 on N, by choosing the inequality in (3.18) to be strict, we have w u f − wf u > 0. In this case, it also follows from (3.16) thatu = 0.
If Φ ≤ 0, similar arguments apply if we choose w so that w(r 1 ) > 0, w u (r 1 ) < 0 and
When Φ < 0, we choose the inequality in (3.21) to be strict. The above discussion has proved the following theorem.
, with either Φ ≥ 0 or Φ ≤ 0. Let g be a Riemannian metric on Σ = S n . If (Σ, g) can be isometrically immersed into (N, ds 2 ) as a hypersurface M with positive support function, then the infinitesimal rigidity of M with fixed mean curvature holds. More precisely, this means that if (Σ, g) admits a family of isometric immersion {ι t } such that M t = ι t (Σ) has the same mean curvature and M 0 = M, then the linearization of the second fundamental form of M t at M = M 0 is trivial. Moreover, if Φ > 0 or Φ < 0, the linearization of the function u at M = M 0 is also trivial.
Global rigidity for surfaces with fixed mean curvature
In this section, we will modify the proof in Section 3 to prove the global rigidity, i.e. Theorem 1.1. Suppose ι,ι are two isometric immersions of (Σ, g) in (N, ds 2 ). Let M = ι(Σ) andM =ι(Σ). We denote the restriction of X, ρ, u (which is defined in the ambient space N) toM byX,ρ,ũ, respectively. By abuse of notations, we also use X, ρ, u to denote their restriction to M. Let ϕ, h andφ,h be the support function, the second fundamental form of M andM , respectively. Viewing h andh as tensors on Σ, we define v =h − h. Now suppose M andM have the same mean curvature. Let {e 1 , e 2 , · · · , e n } be a local orthonormal frame on (Σ, g), we have
By the Gauss equations of M andM , the corresponding equations of (2.5) are
SinceR = R, the difference of the above two equations gives
Using (4.1), we can rewrite the above as
By the Codazzi equations of M andM , the corresponding equations of (2.9) are
which, combined with H =H, imply
We still let w be some weighted single-variable function on I which is to be chosen later. We calculate the following integral
Here, in the second equality, (4.5) has been used. On the other hand, we have
where, by (2.1),
Therefore,
where we have used (4.1), (4.4) in the second, the third equality, respectively. By (4.6) and (4.7), we thus have To handle the first integral on the right side of (4.8), we note that, by (2.1),
where we define G(s) = w(s)Φ(s)ds. Integrating by parts, we have
where we have used (2.1), (2.3) and (4.1). Now, combing (4.9), (4.10) and (4.8), we have
Inserting (4.12) into (4.11), we thus obtain
(4.13)
Now suppose (N, ds 2 ) satisfies (1.7). Let (r 0 , r 1 ) ⊂ I be an interval so that the coordinate r varies between r 0 and r 1 for all points on M andM . Similar to Section 3, we let w be a solution to the ODE
With such a choice of w, the second integral on the right side of (4.13) vanishes. To handle the last two integrals, we note that
and
Thus, we want w/f to have a suitable monotonic property depending on the sign of Φ. If Φ ≥ 0, we specify the initial conditions of w at r = r 0 so that w(r 0 ) > 0, w u (r 0 ) > 0 and
Then, by the argument in Section 3, we have w > 0 and w u f − wf u ≥ 0. The latter then implies w/f is monotonically non-decreasing. Hence, it follows from (4.13), (4.14) and (4.15) that v ij = 0, provided ϕ > 0 andφ > 0. If Φ > 0, by choosing the inequality in (4.16) to be strict, we then have w u f − wf u > 0. In this case, w/f is strictly increasing, and we conclude from (4.13), (4.14) and (4.15) that u =ũ everywhere on Σ. As a result, M andM differ by a rotation of (N, ds 2 ). The case Φ ≤ 0 (and Φ < 0) are proved in a similar way by choosing the initial conditions of w at r = r 1 so that w(r 1 ) > 0, w u (r 1 ) < 0 and
When Φ < 0, we choose the inequality in (4.17) to be strict. Therefore, the discussion above has proved the following theorem, which is a restatement of Theorem 1.1. Remark 4.1. In view of the above proof, to draw the conclusion u =ũ, it suffices to require the set {Φ > 0} is dense in I. On the other hand, if the set {Φ = 0} contains some open intervalĨ, then it is easily checked (N, ds 2 ) contains a ring R =Ĩ × S n which is part of a space form. In this case, if M is contained in R, we can "translate" M in R by an isometry of that space form. Obviously, such a "translation" preserves the second fundamental form of M, but it may not be the restriction of a global isometry of (N, ds 2 ).
Other related rigidities
In this last section, we will describe several related rigidity results. First, we consider rigidity of isometric hypersurfaces with the same σ 2 -curvature. Recall that the σ 2 -curvature of a hypersurface M is defined by
where {κ i } are the principal curvature of M.
2 + r 2 dσ be a warped product space with Φ = 0. Let g be a Riemannian metric on Σ = S n . If (Σ, g) can be isometrically immersed into (N, ds 2 ) as a hypersurface M with nowhere vanishing mean curvature and nowhere vanishing support function, then the infinitesimal rigidity of M with fixed σ 2 -curvature holds. Precisely, this means that if (Σ, g) admits a family of isometric immersion {ι t } into (N, ds 2 ) such that M t = ι t (Σ) has the same σ 2 -curvature and M 0 = M, then the linearization of the second fundamental form of M t at M is trivial.
Proof. We use the same notations in Section 3. By the assumptions,
Hence, the linearization of (2.5) gives n 2
Multiplyingu in both sides of (5.3) and integrating on (Σ, g), we have
Thus, by (2.12), we haveu = 0 since ΦHϕ = 0. In view of (3.2) and (3.3), we concludeḣ ij = 0.
Remark 5.1. Unlike the fixed mean curvature problem, Theorem 5.1 does not need the assumption (1.7), and the Codazzi equations are not used in the proof.
By imposing a stronger assumption on Φ, we can prove the global rigidity result stated in Theorem 1.2.
2 + r 2 dσ be a warped product space with ΦΦ u > 0. Let g be a Riemannian metric on Σ = S n . Suppose (Σ, g) can be isometrically immersed into (N, ds 2 ) as two hypersurfaces M andM . If M and M have the same σ 2 -curvature, then they differ by a rotation of the ambient space (N, ds 2 ).
Proof. We make use of the maximum principle. To illustrate the idea, we first give another proof of the infinitesimal rigidity in this setting. Using (2.1), (2.12) and (3.2), we can rewrite (5.3) as
At the maximum and minimum points of the functionu, we have ∇u = 0, which impliesu = 0 at these points by the assumption ΦΦ u > 0. Thus, we haveu = 0 everywhere on Σ.
To prove the global rigidity, we use the same notations from Section 4. By (4.2), we have n 2
We can rewrite it as n 2 6) which together with (2.12) implies
At the maximum and minimum points of the function u −ũ, we have ∇(u −ũ) = 0. Thus, (5.7) implies u =ũ at these points since ΦΦ u > 0. Therefore, u =ũ on the entire Σ, which implies M andM differ by a rotation of (N, ds 2 ).
The techniques used in Sections 3 and 4 indeed relate to a revisit of the rigidity of isometric embeddings of surfaces into space forms. We give a brief review of the history of this rigidity problem. It is known that the infinitesimal rigidity of closed convex surfaces in Euclidean spaces was shown by Cohn-Vossen [15] and was simplified by Blaschke [3] using Minkowski identities. The infinitesimal rigidity in hyperbolic spaces was discussed by Lin-Wang [30] . In [24] , the first and the third authors gave an alternative proof of the infinitesimal rigidity for convex surfaces in space forms. The global rigidity was obtained by Cohn-Vossen [14] for convex surfaces in Euclidean spaces. In space forms, these rigidities are also known valid (cf. [17, 21] ).
Below we give an alternate proof of the global rigidity using the methods from Sections 3 and 4.
2 ) is a 3-dimensional space form. Let g be a metric on the 2-sphere S 2 . If (S 2 , g) can be isometrically embedded into (N, ds 2 ) as a strictly convex surface Σ, then the infinitesimal rigidity and global rigidity of Σ hold.
Proof. In a space form with constant sectional curvature −k, we have
Thus, the Gauss equation becomes det h det g = K + k.
By "translating" Σ in (N, ds 2 ), we can always assume that the support function ϕ of Σ is positive since Σ is strictly convex. On the other hand, we have (f (u)u i ) j = f u u jui + f (u)u ij = ku jui + f (u)(kuδ ij −ḣ ij ϕ − h ijφ ).
Inserting the above equality into (5.10), we have On the other hand, we have (f (ũ)u i − f (u)ũ i ) j = f (ũ)u ij − f (u)ũ ij + k(ũ j u i − u jũi ) = f (ũ)(f (u)δ ij − h ij ϕ) − f (u)(f (ũ)δ ij −h ijφ ) + k(ũ j u i − u jũi ) = −f (ũ)h ij ϕ + f (u)h ijφ + k(ũ j u i − u jũi ).
Inserting the above equality into (5.17), we obtain Here we have used (5.14). Combing (5.15) and (5.18), we conclude v = 0. Thus, Σ andΣ have the same first and second fundamental forms. Since (N, ds 2 ) is a space form, we conclude that Σ andΣ are same up to an isometry of (N, ds 2 ).
